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Abstract. In this paper we are interested in defining affine structures on discrete quadrangular surfaces of 
the affine three-space. We introduce, in a constructive way, two classes of such surfaces, called respectively 
indefinite and definite surfaces. The underlying meshes for indefinite surfaces are asymptotic nets satisfying a 
non-degeneracy condition, while the underlying meshes for definite surfaces are non-degenerate conjugate nets 
satisfying a certain natural condition. In both cases we associate to any of these nets several discrete affine invariant 
quantities: a metric, a normal and a co-normal vector fields, and a mean curvature. Moreover, we derive structural 
and compatibility equations which are shown to be necessary and sufficient conditions for the existence of a discrete 
quadrangular surface with a given affine structure. 
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1 Introduction 

Discrete differential geometry has attracted much attention recently, mainly due to the growth of computer graphics. One of 
the main issues in discrete differential geometry is to define suitable discrete analogous of the concepts of smooth differential 
geometry. As far as surfaces are concerned, it has been observed that interesting classes of discrete surfaces are not merely 
discrete equivalent of smooth surfaces, i.e. two-dimensional differential sets of points, but rather analogous to some param- 
eterizations of (smooth) surfaces, i.e. surfaces coming with a given coordinates system, such as asymptotic or isothermal 
coordinates. 

Our purpose here is to continue the study toward a hopefully consistent theory of discrete surfaces in the affine 3- 
space R 3 . Let us mention some work that have been done on the subject: in |]2] a definition of discrete affine spheres is 
proposed, and the case of improper affine spheres were considered in J3] and Q. In ||4), we gave a constructive definition of 
discrete affine minimal surfaces with indefinite Berwald-Blaschke metric. In all these works, surfaces with indefinite metric 
were modeled by asymptotic net while surfaces with definite metric were modeled by discrete conjugate nets. Asymptotic, 
respectively discrete conjugate, nets are characterized by the fact that their crosses, respectively faces, are planar, and may 
be viewed as the discrete equivalents of parameterizations in asymptotic, respectively isothermal, coordinates. In this paper 
we introduce two general classes of discrete affine surfaces, inspired by the theory of smooth affine surfaces, and we try to 
get as many properties or structures analogous to the smooth case as possible. It turns out that our two classes include as 
particular cases the constructions of [5|,[4|[6| and \ 2\. 

In the indefinite case, we construct an asymptotic net satisfying a natural assumption of non-degeneracy which implies 
in particular that all the vertices of the surface are saddles. On such a discrete surface, we define the so-called co-normal 
vector field that satisfies, as in the smooth case, Lelieuvre's equations. In the definite case, we consider discrete conjugate 
nets satisfying a non-degeneracy condition insuring that the surface is locally convex at the vertices and, in addition, a simple 
equation which turns out to be equivalent to the existence of a co-normal vector field defined on the planar faces, orthogonal 
to them, and again satisfying Lelieuvre's equations. In both cases, starting from the co-normal vector field, it is possible to 
obtain, by numerical integration, explicit examples of immersions. 

Moreover, we are able to define several affine invariant structures on the surfaces we have defined, such as the affine 
metric and the normal field, and to get structural equations relating them. These equations feature several dimensionless 
parameters, called discrete parameters, that are close to 1 when the discrete surface is close to a smooth surface. Simpler 
versions of these equations are found in J2) and J4J. We also discuss here how to define a discrete affine mean curvature H. 



Structural equations describe the discrete immersion in terms of the affine metric and discrete parameters, and they must 
satisfy compatibility equations that generalize the ones described in [2|. When the affine metric and discrete parameters 
satisfy the compatibility equations, one can define an asymptotic net, unique up to eqiii-affine transformations of R 3 , that 
satisfies the structural equations. 

We conclude by emphasizing the similarity between the set of discrete equations we introduce and their smooth equiv- 
alent. The simplicity of these equations is somewhat surprising, since the construction is very general and we compute 
differences up to third order. We remark that the indefinite and definite constructions are independent, but it is quite interest- 
ing to compare both formalisms. 

The paper is organized as follows: in Section 2 we review the basic equations of smooth surfaces in affine geometry, 
treating firstly the indefinite case with asymptotic parameters, and secondly the definite case with isothermal parameters. 
Section 3 is devoted to the description of discrete surfaces with indefinite metric as asymptotic nets. The affine metric, the 
normal and co-normal vector fields and the discrete parameter are introduced, and some examples of asymptotic nets are 
provided. Then we discuss a definition of discrete affine mean curvature, derive the compatibility equations and show that 
an affine surface is defined, up to eqiii-affine transformations of R 3 , by its metric and discrete parameters. The organization 
of Section 4 follows the lines of Section 3: we first show that, on a conjugate net satisfying a special property, we can 
define a co-normal vector field, a definite affine metric, a normal vector field, and discrete parameters. We then describe 
some examples, calculate the shape operator and discuss the definition of affine mean curvature. Finally, we compute the 
compatibility equations. 

Notation. Given two vectors Vi, Vi G M 3 , we denote by V\ x V 2 the cross product and by V\ ■ Vi the dot product between 
them. Given three vectors Vi, V2, V3 6 K 3 , we denote by [V\, V2, V3] = (V\ X V2) • V3 their determinant. For a discrete real 
or vector function / defined on a domain D C 1? , we denote the discrete partial derivatives with respect to u or v by 

fi{u+\,v) = f(u + l,v) - f(u,v) 
f 2 (u,v+^) = f(u,v + l) - f(u,v). 

The second order partial derivatives are defined by 

/ii(u,«) - /(u+l,v)-2/(u,«) + /(u-l,t;) 

= f(u,v+l)-2f(u,v) + f(u,v-l) 
fi2{u,v) = f(u + l,v + l) + f(u,v)-f(u + l,v)-f(u,v + l). 

Acknowledgements. The first and third authors want to thank CNPq for financial support during the preparation of this 
paper. 

2 Review of equations for smooth affine surfaces 

In this section we review the concepts and equations of smooth affine surfaces. Although we shall not use these equations 
explicitly, they are important for comparing with the concepts and equations for discrete surfaces defined in this paper. For 
details and proofs of this section, see [3 | and 0. 

Consider a parameterized smooth surface q : U C M 2 — > M 3 , where U is an open subset of the plane and denote 



L(u,v) = 


[q u ,q v , 


Quu 


M (u, v) = 


[Qu,Qv, 


Quv. 


N(u,v) = 


\.Qu j Qv j 


Qvv. 



Here and in the remainder of this section, the partial derivatives are denoted by subscripts and [A, B, C] denotes the deter- 
minant of the 3x3 matrix whose columns are A, B and C. The surface is non-degenerate if LN — M 2 5^ 0, and, in this 
case, the Berwald-Blaschke metric is defined by 

ds 2 = -, 1 (Ldu 2 + 2Mdudv + Ndv 2 ) . 

\LN-M 2 \ 1 / 4K ' 

If LN — M 2 > 0, the metric is definite while if LN — M 2 < 0, the metric is indefinite. The Berwald-Blaschke metric is 
conformal to the second fundamental form. In the definite case, the surface is locally convex, while in the indefinite case, 
the surface is locally hyperbolic, i.e., the tangent plane crosses the surface. 



2.1 Surfaces with indefinite metric and asymptotic parameters 

Assume that the affine surface has indefinite metric. We can make a change of coordinates such that L=N=0. Such coordi- 
nates are called asymptotic. We may assume that M > 0, and the metric takes the form ds 2 = 2fldudv, where f2 2 = M. 
The vector field v = <? "^ gl ' is called the co-normal vector field. It satisfies Lelieuvre's equations 

q u = v x v u , 
q v = -v x v v . 

The co-normal vector field satisfies v uv = HVlv, where H is a scalar function called the affine mean curvature. The affine 
normal vector field is defined as £ = and satisfies v ■ £ = 1. It is easy to verify that 



We can write Gauss equations as 



where 





= -£ x q v - 






Quu 


= ~n qu+ n 






Qvv 


= n qu + lf 


Quv 


= n& 


A 


[Qu ! QUU ! 


B 


[Qv J J £] 



are the coefficients of the affine cubic form. The shape operator in basis {q u , q v } is given by 

= -Hq u + ^q v 

We remark that the trace of the shape operator is given by —2H. 

The parameters ft, A, B and H must satisfy some compatibility equations: If we compare mixed third derivatives of q, 
we obtain 

d u Q v Cld uv AB 

H= ^ 

And if we compare mixed second derivatives of £, we obtain two other compatibility equations, 

AB U 1 ,A V 

_ BA V _ 1 f B u 

v ~ ^3 n ( n ,u - 

Conversely, given 0, A, B and H satisfying the compatibility equations, there exists a surface q(u, v) satisfying the above 
equations. 



2.2 Surfaces with definite metric and isothermal parameters 

Assume that the affine surface has definite metric. We can make a change of coordinates such that L — N = M = 0. Such 
coordinates are called isothermal. Moreover, we may assume that L — N > 0, and we define SI by d 2 = L = N. In this 
case, the metric takes the form ds 2 — fldu 2 + dv 2 . 



As above, the vector field v = <? "^ g " is called the co-normal vector field and satisfies Lelieuvre's equations 



q u = v x j/ u , 
<7i> = -VXv v . 

The co-normal vector field satisfies t/ uu + zv = HVlv, where H is a scalar function called the affine mean curvature. The 
affine normal vector field is defined as £ = an d satisfies v ■ £ = 1. It is easy to verify that 

f« = £ x <7i> 
v v = -£ x g u . 



We can write Gauss equations as 



m + n qu+ \2n + n 



9v 



where 



2A = [g„, g ul , , £] + [g„ . q uu , £] 
2B = [q u , q uu , f] - [q v , q uv , f ] . 

are coefficients of the cubic form. One can also verify that the trace of the shape operator is H. 

As in the indefinite case, the parameters fi, A, B and H must satisfy some compatibility equations: If we compare 
mixed third derivatives of q, we obtain 

And if we compare mixed second derivatives of £, we obtain two other compatibility equations. Conversely, given il, A, B 
and H satisfying the compatibility equations, there exists a surface q(u, v) satisfying the above equations. 

3 Discrete affine surfaces with indefinite metric 
3.1 Discrete affine concepts and examples 

In this section, we define the affine metric, normal and co-normal vector fields associated with a non-degenerate asymptotic 
net. We also provide some concrete examples. 

3.1.1 Affine metric, co-normal and normal vector fields 

Non-degenerate asymptotic nets. An asymptotic net is defined to be a R 3 -valued function defined on a subset D of Z 2 
such that "crosses are planar", i.e., qi(u + |, v), qi(u — |, v), q 2 (u, v + |) and q2(u, v — -|) are co-planar (see (H Definition 
2.15]). For each quadrangle, let 

M(u+ \,v+ \) = [q 1 {u+^,v),q 2 (u,v+l),q 2 (u + l,«+§)] . 

We say that the asymptotic net is non-degenerate if M does not change sign. We shall assume throughout the paper that 
M(u + |, v + |) > 0, for any (u, v) £ D. 

We remark that this condition implies that all vertices of the asymptotic net are saddle points, i.e., the plane spanned by 

qi(u + |, v), qi(u — h,v), q 2 {u, v + h) and q 2 (u 7 v — |) crosses the surface. 



Afflne metric. The affine metric ft at a quadrangle (u + 5, v + |) is defined as 



Co-normal vector field and the discrete parameter. A co-normal vector field v with respect to an asymptotic net q is 
a vector-valued map defined at the vertices (u, v), orthogonal to the planar crosses and satisfying the discrete Lelieuvre's 
equations 

u(u, v) x u(u + 1, v) = q\(u + 5, v), 
v(u, v) x v(u, v + 1) = —q 2 {u,v+\). 

The existence of the co-normal vector-field is guaranteed by the following proposition: 

Proposition 1 A non-degenerate asymptotic net q admits a one-parameter family of co-normal fields. Any such co-normal 
field is determined by a positive map X(u+ 5, v+ |) defined on the faces of the net, which satisfies the following coincidence 
relations: 

/ \ A _1 (u + \,v + A) , -1 , 

i/(u,«) = 1 — t— («i(«+ 5 ,«) X q 2 (u,v + 5 )), 

S2 l u + 2 ' w ' 2 J 

/ N 3> U + |) /■ / In / Inn 

i/(u,t>) = _ 1 — — -jr^iCti- 5,u) x g 2 (w,w + 5)), 

2 ' ^ 2 ' 

A _1 (u — - v — -) 
v{u,v) = _ v _ * (gi(u - |, «) x qa(u, v - I)), 

i/(u,«) - y ^ 1' " _ i| (gl(« + 5, «) x tfa(u, v - |)). 
Finally, we can get the other co-normal fields of the family by 



u ( uv ) = { P v<y - U ' w ) tf u + v is even ' 
p ^ ' [ /9 _1 z/(m, if u + vis odd, 



where p is any positive constant. 



Proof. We begin by fixing a positive initial value X(u + \, v + |) at some face of the net and define v(uo, vo), 
v(u + 1, w ), v(uo, v a + 1) and v{u a + l,v a + 1) by 

/■ \ A _1 (M + \,VQ + \). , , 1 N / INN 

v{u ,V ) = — f ^-{qi{u + ±,v ) X q 2 (u Q ,v + 

$2(^0 + 2,^0 + 2) 

/ -, n K u o + h v + i) . , 

i/(u + l,vo) = 777 "4 -tt(3i(mo + 3,^0) x 9 2 (m ,v + 3)), 

il(U + %,V + 5) 

A _1 (uo + ^,w + i) , , 1 , , 1N , 

i/(u + l.uo + l) = -777 ~r nf 9i «o + 5^0) x q2(u ,v + 2)), 

S2(mo + 5,^0 + 5) 

^(m ,wo + 1) = - 1'^° + Y\ (gi( M o + |,^o + l) x q2(uo,v a + I)). 

Q(u + 5, «o + 5) 



We observe that 

v(tio,uo) x f(«o + Mo) = 



(<?i (u + 5,u ) x q 2 {u ,v + 5)) x (<?i(u + 5,^0) x <7 2 (uo + l,v + §)) 



9i ( M o + ^,v ) 



so that Lelieuvre's equation holds at (uq + i, Vq). Analogous computations show that Lelieuvre's equation holds as well at 
(uoi v Q + i), (u + §, v + 1) and (u + l,v + §). 

Next, as the crosses are planar and using the coincidences relations, we can uniquely determine the values of X(uo — 
§> ^0 + |)> M u o + \i vo — 5) an d A(uo — 5, «o — 5), which in turn allows to define ^ at the five adjacent vertices (uo — 
l,v + 1), (uq - l,v ), (u - l,v - 1), (u ,v - 1) and (u + l,v - 1). 

By repeating this procedure, we can define A in all the domain D and the coincidences relations prove that the scalar A 
is uniquely defined at any face (u + i, v + i), independently from the path linking it to the initial face (uq + |, vq + |). 
Moreover at each step we can check that Lelieuvre's equations are satisfied. Finally, if we multiply A(ito + \, + 5) by a 
positive constant p, the construction above gives a vector field u p that satisfies the claimed relation with v. ■ 

To construct examples of asymptotic nets, it is easier to begin with the co-normal vector field. It turns out that a 
given vector field is the co-normal vector field of an asymptotic net if and only if it is a Moutard net (see [1 Definition 
2. 12, Theorem 2.16]): 

Proposition 2 A vector field u(u, v) is the co-normal vector field of an asymptotic net if and only if it satisfies the equation 
H*(u + 5, v + |)(i>(it, v ) + v i u + M + !)) = v ( u i v + I) + v(u + 1, v). (1) 
/or some map H*(u + |, w + 5). One can a/so ven/y fna? necessarily H*(u + |, u + ~) = A 2 (u + |, t! + i). 
Proof. From Lelieuvre's equations, we have 

+ |,«) + <72(w + l,v + |) = (^(m, w) + ^(u + 1, u + 1)) X ^(u + 1, u) 

and 

qi(u + |, U + 1) + g 2 (w, u + 5) = ^(u, w + 1) X (^(-u, v) + v{u + 1, v + 1)). 

Thus 

2> f ) +Q , 2(w-|-1, u+ 5) — qi(u+ 5, u + — ?2(w, v+ |) = (^(it, w) +u(u+ 1, w + 1)) x (v{u+ 1, w) + w + 1)), 
and the proposition is proved. ■ 
It is interesting to observe that, in terms of the co-normals, the affine metric is given as 

fl(u + |) = A -1 + 5) [^(■u,u),j/(u,v+ . 

The parameter A will be called the discrete parameter. 

The normal vector field. The affine normal vector field £ is defined at each quadrangle (u + \ ,v + j) by 

U +2 ' 2 > n(u+lv + \) ■ 

It satisfies the following equations: 

v{u,v)-^{u+\,V+\) = \~ 1 {U+ \,V+ i), 

i/(u,u + l)-£(u + |,u+|) = 
v{u + l,v + l)-i(u+\,v + ±) = A~ X (u + 5). 

In Figure[T]we see an illustration of the co-normal and normal vector fields. 




Figure 1: The co-normal vector at a vertex and four normals at its adjacent faces. 




Figure 2: Affine sphere of example [3] 



3.1.2 Examples 

Example 3 Examples of asymptotic nets with A = 1 can be obtained starting with a smooth 3- dimensional vector field 
v(u, v) satisfying v uv = 0. We consider a sampling v(iAu,jAv) and the discrete immersion is obtained by integrating the 
discrete Lelieuvre's equations. This nets were studied in where they were called discrete affine minimal surfaces. 

In figure\2\ one can see such a surface obtained from v(u, v) = ( - ~" , — 1), 2<u<4, 0<v<2, 
Ait = 1/10, Av = 2/21. 

Example 4 We begin with an asymptotic parameterization of the one-sheet smooth hyperboloid y 2 + z 2 — x 2 — c 2 , 

c 



q(u,v) 



sinh(w + v) 



Taking derivatives 



<lu 

(It- 
Straightforward calculations show that 



(— cosh(u — v), — sinh(u — v), cosh(w + v)). 



(cosh(2u), - sinh(2u), -1), 



sinh (u + v) 

c 

sinh 2 (u + v) 



n = 



(cosh(2u),sinh(2u),-l). 



2c 3 / 2 



and 



v(u, v) — c 1 ! 2 — 
Z(u,v) = c- 1 / 2 



1 



sinh(u + v) 
1 



sinh(u + v ) 



sinh 2 (u + v) ' 
(cosh(u — v), sinh(i> — w), cosh(w + v)) 

(— cosh(w — v), sinh(w — u), cosh(u + v)). 



One can also verify that A(u, v) — B(u, v) = and that H = c~ 3 / 2 is the affine mean curvature. Since the asymp- 
totic curves of the smooth hyperboloid are straight lines, sampling it in the domain of asymptotic parameters generate an 
asymptotic net. Denote by Au and Av the distance between samples in u and v directions, respectively. 
Integrating q u and q v one can show that 



csinh(Au) 

gi = ^ ^ cosh 2u ,-sinh 2u ,-1 . 

z sinh(u + u) smh(u + v + Au) 



q 2 (u,v+^-) = .^^ ; ^TTTTr^ ~ i —\ (cosh(2u),sinh(2u),-l). 



csinh(Au 
sinh(u + u) sinh(u + v + Av 
Denoting by v{u, v) the co-normal vector of the smooth hyperboloid, one can verify that 

v(u, v) x v(u + Au, v) — qi(u+^,v), 
v(u, v) x v(u + Av, v) — q2(u,V + ^p). 

Thus, since Lelieuvre's formulas hold, we can consider v(u, v) as the co-normal of the discrete surface as well. Straightfor- 
ward calculations show that 



n( u + ^,v + ^) 

and 



a n „ ab) = 2 C 3 / 2 sinh(Au)sinh(Au) 

y/ sinh(u + v + Au + Av) sinh(u + v + Am) sinh(u + v + Av) sinh(u + v) 



X( u + An v + At) = / sinh (" + v + Au + Av) sinh(u + v) 
2 2 y sinh(u + v + Ait) sinh(u + v + Av) 



The affine normal £(u + , v + ^-) = £ y , £ z ) is given by 



— cosh(Au) sinh(2u + Av) — cosh(Au) sinh(2u + Au) 
v/ sinh(u + v + Au) sinh(u + u + Au + Av) sinh(u + v) sinh(u + v + Au) 



1 i 2( . cosh(Au) cosh(2u + Av) — cosh(Au) cosh(2u + Au) 

St J/ / 3 

y sinh(u + u + Au) sinh(u + v + Au + Av) sinh(u + u) sinh(u + u + Au) 
1/2 _ sinh(2u + 2u + Au + Au) 

•v/ sinh(u + u + Au) sinh(u + u + Au + Au) sinh(u + u) sinh(u + u + Au) 

In figure\3\we see the discrete hyperboloid with l<u<3, l<u<3, Au = 2/50 and Av — 2/51. 



Figure 3: Discrete hyperboloid of example [4] 



Example 5 We first define v(u, v) for two consecutive values of c — -^^y + -^yj and then extend it to other values of c by 
(QJ. More explicitly, we define v(u, v), for c — and c — 1, uq < u < U\, —U\ < v < Uq, and then extend to the triangle 
< u < u\, —u\ < u < uq using (Q~|). 
In figure^ we see the surface obtained from v[u, v) = (u, v, u 2 + v 2 ), Au — 0.14, Au = 0.12, 0.3 < v < 1, uq = 0.3, 
A 2 (u, u) = 0.9, if u + u is even and A 2 (u, u) = 1.2, if u + v is odd. 

3.2 Structural equations, mean curvature and compatibility 
3.2.1 Discrete Gauss Equations I 

Define 

A(u,v) = [qi(u- ~,v),qi{u+ \,v),X{u + \,v + \)£,{u + \,v + \)\ 

= [<&(u - l,v),q 1 (u+ \,v), A _1 (u + \ ,v - \)£{u+ \,v- \)\ 
= [Qi(u - ?,v),qi(u+ \,v), A _1 (u - \,v + -\,v+ \)\ 

= [qi(u - \,v),q 1 {u+ \,v), X(u- \,v - i)C(u ~\,v~\)\ 



Figure 4: The indefinite affine surface of example[3] 



and 

B(u,v) = [q 2 (u, v- \),q 2 {u, v+ |),A(u + \,v+ \)£,{u + \,v + |)] 

= [Q2(u,v- \),q 2 {u,v + |), A _1 (m + |,u - + |,v - |)] 



2 ,i/ 2 2 ' U 2 -M' 

The functions A(it, v) and -B(it, u) can be considered as the discrete equivalent of the coefficients of the smooth cubic form, 
but we shall not discuss this interpretation in the present paper. 

Notation. In order to get more concise equations, from now on we shall use the following notation: A(u — ~ i) = Ao, 

X(u + i, v — |) = Ax, A(u — i, v + i) = X 2 and A(w + 5, v + i) = A12, and a similar notation for f2. For A , we use 
A(u, v) — A , A(u + 1, v) = Ax, A(u, u + 1) = A 2 , A(it — l,v) = Ay and A(ii, u — 1) = Ay, with a similar notation for 
B. 

Proposition 6 77ie Gauss equations of the affine immersion are given by 

1 \ ill2 — A, 1 A 12 1 ri2 / , X s , '^12 1 ^0 / , X\ 

911 («,») = 77 - 8l(«+3i«) + -H q2{u,v + ±), 

"X2 "12 
/ \ \ 2 B Q , . x A , ^X2 - A^ Af 2 ^X , . x \ 

q 22 (u,v) = — qi(u+±,V)-\ q 2 (u,v + ^). 

"12 "12 



We can also write 



, x ^x — AoAx^o , , x \ , AiA . x \ 

qu{u,v) = qi(u+ + — — q 2 {u,v - 5 ) 

A 2 Ai2rix2 — ^2 , 1 , A2A0 , 1. 

= 7; 9x(u - 2 ,v) + — — q 2 {u,v + ij 

"2 "2 

A 1 A 1 Ox - fi . x \ , \) ^0 , x^ 

"n " "n 



one/ 



«0 

Ax-Bo / , 1 \ , AoA 2 r2 2 — O , 
q 22 (u,v) = -p^—qi(u+ 1 ,v) + q 2 {u,v- 1 ) 



fix " v 2 ' ' fix 

A 2 -Bo . x \ , ^12 — AxAx 2 ^x 
-jj-ft(«- 5 ,t») + ^ 



) / X a "12 ^l^v i2 ai,l 1 

-«i(u- 2' w ) H o q2{u,v+ 2) 

"2 

1 \ 1 Aq A 2 1 S1 2 — Qq . ls 

— wr 2 ,v) + o 92(U,W"2/ 

"n ~ "n 



Proof. We prove the first formula, the others being similar. Since crosses are planar, qn(u, v) is a linear combination of 
qi(u + h ,v) and q 2 (u,v + The coefficient of q 2 (u,v + \) is 

[qi(u~ ±,v),q 1 (u+ ±,v),£(u+ ±,v+ |)] _ A^Aq 
VL-\ 2 VL-\ 2 



while the coefficient a of q 2 (u, v + 3) satisfies 

(qi{u+ \,v) -qi(u- x q 2 (u,v+ 5) = aAi 2 Qi 2 z/(u, u). 

Thus a = giaz^I^fk . 

3.2.2 Discrete Gauss equations II 

We define the weighted derivatives of £ in the w-direction as 

£>i£ + (u,t;+§) = Ar 2 1 C(w+i,« + i)-A 2 e( u -i, w +i). 
Observe that these vectors are orthogonal to z/(w, v) and z/(w, w + 1), respectively. Similarly, define 

D 2 C{u+\,v) = Au^u+f.v+D-A^u 

^2e + (w + i«) = A^^w + iv + D-Ai^u + i^-i), 

and observe that they are orthogonal to v{u, v) and v(u + 1, u), respectively. 

Proposition 7 77ze Gauss equations for the derivatives of the normal vector field are given by 

n t-t 1 \ A 2 2 - \\ 2 j Ai2^4 2 — A 12 ^4o , h 

Sil 2 Ai 2 S^l 2 Si 2 A 2 

oir(«,« + i) = -*,«) + Aa o A o 'x^ g2 ^ ^ + 

Si 2 A 2 5i 2 lil 2 A 1 2 

n <-+( , in A 12 2 — A 2 / , 1 1 -i\ , Ai 2 A 2 — A 12 1 A , ! 

L»iC + (u,w+2) = — t gi(u + 5 ,« + l) + — 1 — g 2 («,«+ 2 

Sil 2 A 12 Sil 2 Si 2 A 2 



iil 2 SilAi "12^12 
S2lSil 2 A 1 2 StiA^ 

= Al2 ( f 1 „ ffig + i t,) + ^^(fafr + l,v + 1 
sii 2 iiiA 1 iii 2 A 12 



Proof. Since the proofs of all formulas are similar, we only prove the first one. We can write 

i> + |) = aqi(u + 3, v) + bq 2 (u,v + 3). 
If we multiply by q 2 (u, v + 3) x £(u + |, w + |) we obtain 

a^i 2 A 2 = \,v+ \),q 2 (u,v+ + 3,?; + 3)]. 

Since fl 2 ^(u — + 3) = <Zi(« — 3 , w + 1) — <Zi( u — 3, we conclude that 

af2i 2 A 2 = — A 2 Ai 2 + A 2 1 A 12 1 . 



If we multiply by q\{u + i, v) x £(« — i, v + ^) we obtain 

bfl 12 X 2 = [gi(u+ + £)]. 

Since fl 2 ^(u — |, v + ^) = <?i(w — \, v + 1) — qi(u — |, v), we conclude that 

M 

3.2.3 Mean curvature 

In the smooth case, the mean curvature is the trace of the shape operator. When we are using asymptotic parameters, we can 
calculate it directly from HVL = — £ u ■ v v = — • v u . Based on this idea, we discuss now a possible definition of discrete 
affine mean curvature. 



We calculate 



D X C (u,v + \) ■ v 2 (u,v + \) = X 2 12 -X 2 



2~ / 2\ 7 u ' 2/ — ^12 ^ ^2 i 
1^ („. \ ^\ — \2 



D 1 Z+(u,v + ±)- v 2 {u,v + ±) = X z 2 -X 12 . 



Also 



D 2 £ (u + ±,v)-vi(u+±,v) = X 2 12 -X^ 2 , 
D 3 f + («+3,«)-Ki(«+j,«) = A^-A^ 2 . 

We conclude that 

D x C{u,v + \)-v 2 {u,v + l) + Dit{u,v-±)-v 2 {u,v-\) = X\ 2 - X 2 2 + A 2 , - A^ 2 



£ ) 2r(w+iw)-^i(M + i,«)+£'2C + (w-5,w)-^i(u-5,«) = A 2 2 - A^ 2 + Aq - A^ 2 . 
Our proposal is to define the affine mean curvature H at (u, v) by 

ff( U ,«) = A 2 2 -Ar 2 -A 2 - 2 + A 2 . 

It is interesting to observe that if the co-normal vector field is discrete harmonic, i.e., A = 1, then H = 0. Thus the class of 
asymptotic nets with vanishing mean curvature contains the class of discrete minimal affine surfaces introduced in [4J. 

3.2.4 Affine Spheres 

In 0, a definition of discrete affine spheres preserving the duality between q and v is proposed. But this class does not 
include the hyperboloid of Example [4] with a general sampling pair (Aw, Aw). Actually, this hyperboloid satisfies the 
definition of [2| if and only if Au — Av. We propose here a new definition of discrete affine sphere that includes the 
definition of [2| as a particular case. With this new definition, the hyperboloid of Example|4] with any sampling pair (Am, Av) 
becomes an affine sphere. 

We say that the asymptotic net is an affine sphere if 

A12A2 = X 2 Ao, 
A12-B1 = Ai£>o- 



These conditions imply that 

DiCK«+§) = {X 2 l -X l2 

+ = (A- 2 1 -A 2 ) 

D 2 ^ + {u+\,v) = (A^-Ax) 



1 x n / qi(u~ \,v) qi(u+ \,v) 



VL 2 fli 2 
qi(u - \,v + 1) qi(u+\,v- 



Q 2 fii2 

q2(u,v- |) q 2 {u,v + §) 



q 2 {u+l,V-\) q 2 {u+l,v + ±) 



12 



(2) 



(3) 



We remark that an affine sphere as defined above is also an affine sphere as defined in [2| if and only if 

for some constant c. 
3.2.5 Compatibility Equations 

The first compatibility equation is obtained by comparing the expansions of qu2 and #121: 

£1 2 A 2 1 A 12 1 _ AqAxOq A B Xi A 12 1 

There are two other compatibility equations, obtained by comparing the mixed second derivatives of £: 

Aq — A-l 2 \\ 2 — A 2 2 _ A12-B1 — A 12 -Bo A2-B0 — A 2 1 B- 
A^ 1 ^! Al2^12 rii2^iAi f^SloAo" 1 
and 

Aq — A 2 A 2 2 — \ 1 A12A2 — A 12 A$ \\Aq — \ 1 A2 
A" Hl 2 Ai2^i2 ^i2^ 2 A 2 fi^oA- 1 
The proofs of these equations are left to the appendix of section 3. 

Theorem 8 Given functions ft, A, A and B satisfying the compatibility equations (O, (O and (0), f/iere exists an asymptotic 
net q satisfying Gauss equations. Moreover, two asymptotic nets with the same Q, A, A and B are affine equivalent. 

Proof. We begin by choosing four points q(0, 0), q(l, 0), g(0, 1) and q(l, 1) satisfying 

[q(l, 0) - q(0, 0), q(0, 1) - q(0, 0),q(l, 1) - q(0, 0)] = ft 2 (±, \). 

Those four points are determined up to an affine transformation of M 3 . 

From a quadrangle (u — \ , v — \ ), one can extend the definition of q to the quadrangles (u + i , v — \ ) and (u — \ , v + i ) 
by the formulas of subsection |3.2.1| With these extensions, we can calculate £(u + hiV — k) an d £,( u — \, v + It is clear 
that v — i) and ^(w — 5, i>) satisfy equations of subsection !3.2.2l The coherence of these extensions follows from the 
first compatibility equation. 

Then one can extend the definition of q to (u + i, v + i) in two different ways: from the quadrangle (u + \,v — |) 
and from the (u — i, v + i). To see that both extensions leads to the same result, one has to verify that both affine normals 
£(w + i, v + i) are the same, which in fact reduces to verify that £12 = £21- But this last equation comes from the second 
and third compatibility equations, which completes the proof of the theorem. ■ 

Appendix of section 3: Proofs of Compatibility Equations 

To prove the first compatibility equation, we calculate qn2{u, v + i) in two different ways. Since qi2(u + |,f + |) = 
^12^( U + 5' v + 2")' we wr i te 

<?n 2 (u, v + \) = (fii2 - A 2 Ai 2 fi 2 ) £(u + §, v + \) + n 12 X 2 D 1 C (u, v + |). 

From equations of subsection l3.2.2l we conclude that the coefficient of qi(u + i, v) of the expansion of 9112(1*, v + i) in the 
basis 

{qi(u+ T;,v),q 2 (u,v + + \,v + |)} is 

(A 2 - 1 Ar 2 1 -A 2 Ai 2 )^. (5) 

"12 

On the other hand, (?n2(w, w + ^) = <Zn(u, u + 1) — qn(u, v), with 

C 1 -\ \ ( \ A 2 Ai2fi 2 \ , 1 . Ai2^2 , 1 x 

gn(w,u + l) = 1 \q 1 {u-\-±,V + l) + — q 2 (u,v + 1 ) 

\ "12 / "12 

i \ (i A Aifi \ f , 1 \ . ^iAq . u 
qii(u,v) = II — — 1 qi{u+ j,v) + q 2 (u,v- 2 ). 



Since 



(6) 



qi(u+ \,V+ 1) = q%(u + \,v) + tti 2 £,(u + \,v+\) 

and 

/ 1 \ ^12 ^0 / 1 \ ^\2 ^2 ^^2 / 1 \ 

q2(u,v - |) = n,V) H p; q2(u,v + I), 

"12 "12 

the coefficient of qi (u + ^ t>) of the expansion of qn 2 (u, v + ^) in the basis 

{qi(u+ ±,v),q 2 (u,v + ^),^(u + \,v + |)} is 

A2Ai2^2 AqAi^q A 12 1 AiAoi?o 

"12 "1 f2if2i2 

The first compatibility equation follows directly from (0 and ([6j. 

To prove the second and third compatibility equation, we observe that 

DiC (u, v + |) - D^+iu, v-\) = DaC (u + ±,v)- D 2 £ + (u - ± v). 

Using the formulas of subsection 13.2.21 and comparing the coefficients of qi(u + |, v), we obtain the second compatibility 
equation. The third compatibility equation is obtained by comparing the coefficients of 92 (u, v + |). 

4 Discrete afflne surfaces with definite metric 

4.1 Discrete afflne concepts and examples 

4.1.1 Afflne metric, co-normal and normal vector fields. 

Special non-degenerate discrete conjugate nets. A discrete conjugate net is defined to be a M 3 -valued function defined on 
a subset D of Z 2 , such that "faces are planar", i.e., q(u, v), q{u + 1, v), q(u, v + 1) and q(u + 1, v) are co-planar (see |1, 
Definition 2.1]). 

We say that the discrete conjugate net is non-degenerate if the sign of the following four quantities is the same and does 
not depend on (u, v): 

Ai(u,v) := [qi(u+ ±,v),qi(u- |, v), q 2 (u, v + |)] , 
A 2 {u,v) := [qi(u- \,v),q 2 {u,v- \),q 2 {u,v + |)] , 
A 3 (u,v) := [qi{u + |,«), qi(u - §, v), q 2 {u, v - |)] , 
A 4 (u,w) := [qi(u+ \,v),q 2 {u, v - \),q 2 {u,v+ |)] . 

In the following, we shall assume that Ai(u, v) > 0, V(u, v) £ D, 1 < i < 4. 

Unlike the indefinite case where we were able to describe an affine discrete structure on any non-degenerate asymptotic 
net, we need to consider here non-degenerate discrete conjugate nets with an extra assumption. We shall say that a non- 
degenerate asymptotic net is special if it satisfies the following compatibility equation 

A 1 {u,v)A 3 (u,v) . 

— -— ; = 1, V(u,v )ED. (7) 

A 2 {u,v)A i {u, V) 

Afflne metric. At (u, v), we denote 

q~i x q 2 = 2[qi(u+^,v)xq 2 (u,v+^)+q 1 (u~^,v)xq 2 (u,v+^)+q 1 (u-^,v)xq 2 (u,v~^)+q 1 (u+^,v)xq 2 (u,v-^)}. 
and define the metric by 



2n (u,v) = qix q 2 (u,v) ■ (q u (u,v) + q 22 (u,v)). 



Co-normal vector field and discrete parameters. A co-normal vector field v with respect to a discrete conjugate net q is 
a vector-valued map defined at any face (it + A, v + A) of the net, orthogonal to it, and satisfying the discrete Lelieuvre's 
equations 

f qi(u+\,v) = v(u + |, v — 5) X u(u+ \,v + Aj 
\ 9 2 (u,« + 5) = — — + 5) X §,« + 5). 

It turns out that a necessary and sufficient condition for the existence of co-normal vector field with respect to a given 
non-degenerate discrete conjugate net is the special condition (0. 

Proposition 9 A non-degenerate discrete conjugate net q admits a one-parameter family of co-normal fields if and only if is 
satisfies the special condition 01. Any such co-normal field is determined by four positive parameters a(u, v),f3{u, v), 7(11, v) 
and 5(u, v) that satisfy the following coincidence relations: 

v(u+^,v + \) = a(u, v)Q(u, v)qi(u + 5, v) x q 2 (u, v + |) 

v(u — \,v + Aj = (3(u, v)Hl(u, v)qi(u — \,v) X q 2 (u, v + Aj 

= 7(u,u)n(u,r;)gi(u - |,t>) x g 2 (u,u - AJ 

5,1;— AJ = <$(zt, u)f2(u, + 5, v) x q 2 (u, w - 5). 

Finally, we can get the other co-normal fields of the family by 

, s ( pviu.v) if u + v is even, 
v p (u,v) = < -If \ . f . ■ . , 
1 I p L v{u,v) if u + v is odd, 

where p is any positive constant. 

Proof. We first assume that there exists such a co-normal vector field. It follows that there exists maps a(u, v), f3(u, v), j(u, v) 
and S(u, v) satisfying the coincidence relations. Making the vector product of the first two coincidence relations, using the 
identity (A x B) x (A x C) — [A, B, C]A, and Lelieuvre's equation we obtain 

-q 2 (u,v + |) = a(u,v)(3(u,v)n 2 (u,v)q 2 (u,v + \)[q 2 {u, v + |),qr 1 (u + \,v),q l {u- \,v)] 

which simplifies to 

a(u, v)/3(u, v)f2 2 (w, v)Ai(u, v) = 1. 
Analogously, we get /3(u, v)j(u, v)Q 2 (u, v)A 2 (u, v) — 1, j(u, v)6(u, v)Sl 2 (u, v)A 3 (u, v) = 1 and 

S(u, v)a(u, v)£l 2 (u, v)Ai(u, v) — 1. From these, Equation 0) follows easily, so we see that a discrete conjugate net must be 
special in order to admit a co-normal vector field. Moreover, we see that f3(u, v) , j(u, v) and S(u, v) are uniquely determined 
by a{u, v). 

The next step consists in fixing an initial value a(uQ, vq) and define v at the faces (uq ± A, vq ± |) by 

u(uq + \,v + 5) = a(u ,v )Q(u,v)qi(u + ^,v ) x q 2 (u ,v + |) 

i/(u - |,U + |) = f3(u ,v )n(u,v)q 1 (u ~ i,u ) x q 2 {u ,v + ~) 

i/(u - |)Vo - 5) = 7(wQ) u o)n(«,u)t?i(wo - i>^o) X 92(^0, «o - 5) 

i/(u + |,Uo — 5) = <5(m ,wo)^(w, w)qi(u + 5,^0) x <72(wo,«o - 5)- 

This in turn determine the value of a(u — l,v), a(u — 1, v — 1) and a(u, u — 1) and thus the corresponding values for the 
maps 0, 7 and S. We can therefore determine v at five adjacent faces, and from now on the proof follows closely the lines of 
the proof of PropositionQ]and we are able to define in a unique way the co-normal field on all the domain D. ■ 

As in the indefinite case, it is easier to construct examples beginning from the co-normal vector field. 

Proposition 10 A vector field v{u + 5 > v + 5) is the co-normal vector field of a special discrete conjugate net if and only if 
it satisfies 

v n (u+ \,v + \) +1/22(1*+ \,v + \) = H*(u+ \,v + \)v{u+ \,v+ |). (8) 
for some map H * . H* can be calculated in terms of the discrete parameters, but we postpone this calculation until Subsection 

EM 



Proof. We have 

9i2(w + \ ,v + 5) = f (u +5,^ + 5) x z/(u + i. v + §) - z/(tt + \,v — 5) x i/(<u + §,«+ 5) 

and 



So 



921(^+^,^ + 5) = -i/(ti + |, u + |) x + |,u + 5) + v(u - 5, U + 5) X + §,U+ 5) 

912 - 921 = K U + l) X (^ll( M + h V + I) + + \,V + |)), 



thus proving the proposition. 
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In terms of the co-normal vector field, the affine metric is given by 



and the parameters a(u, v),(3(u, v) 7 -f(u, v), 5(u, v) are given by 



f2(u, v)a(u, v) 



\y(u + 5, u • 



i),l/(w + 5,v + 1),^ 



fi(u, v)/3(u, v) = [u(u + 2, u + 2), v{u — 2, u + 2), v{u — 2) « 

fi(u, «) = [i/(u — 5, u — |), + 5, u — |), ^(w + 5, U + 5)] . 
Observe that (a + 7) •(/? + £) = 4 and 

v)i/(tt + i, u — 2) + u)y(u — 2 , v + 2) = v)v(u — i, t> — i) + 7(7/, 
We define another parameter A(u, u) by 



I)] 



(9) 
(10) 

(11) 

(12) 



(13) 



X(u, v) 



f3(u, v) + S(u, v) 



k(u, u) + 7(u, u) 



The parameters a, /3, 7, <5 and A are called discrete parameters. 
Normal vector field. The discrete affine normal £ is defined as 



qn{u,v) + q 2 2(u, v) 
2Q,(u,v) 



One can verify that 



v(u + 2, v + 2) • £(u, v) = X(u,v) 

v(u — |, v + |) • £(u, v) = X (u,v) 

v(u ~ i, t) — ~) • £(u, v) = X(u,v) 

v(u + I, v — 2) • £(u, v) = A _1 (u,?;). 

We remark that the above formulas imply that discrete conjugate nets satisfying ((T) are necessarily convex. In Figure [5] we 
see an illustration of the co-normal and normal vector fields. 




Figure 5: The normal vector at a vertex and four co-normals at its adjacent faces. 



Figure 6: A definite affine surface with H* = 0. 



Figure 7: A definite affine surface with H* ^ 0. 



4.1.2 Examples 

Example 11 We say that a discrete conjugate net as above is an affine sphere if£(u, v) — —q{u, v). In this case, it is easy to 
see that A = 1, and the above definitions reduce to the definitions proposed in |2y. In fact, all the equations obtained below 
for definite discrete affine surfaces can be seen as generalizations of the corresponding equations in fiT}. 



Example 12 We can define discrete conjugate nets beginning with co-normals. We first define v(u + + i) for two 
consecutive values of u and any v and then extend it to other values ofu by (0. More explicitly, we define v(u + 5 , v + i), 
for u = uq and u = uq + Au, vq < v < vq + NAv. Then we extend v{u + ~, v + |) to (u, v) — (u + iAu, v + jAv with 
< i < N/2, i<j<N-i,by using ©. 

Infigure® we can see a surface where we have taken v(u + ^ t) + i) = (u, v, uv), N = 12, Au = 1/12, Aw = 1/11 
and H* — 0. In figure^ we can see another surface where v{u + \, v+ V) = (u,v, uv), N = 12, Au = 1/12, Av = 1/11 
and H*{u + i v + 4) = 0, ifu + v is even, and H*(u + i v + ^) = 0.1, if u + v is odd. 



4.2 Structural equations, mean curvature and compatibility 
4.2.1 Discrete Gauss equations I 

In this subsection we generalize Theorem 5.1 of Q. From now on, we shall change slightly the notation in order to write 
smaller equations. We shall write a(u, v) = ao, a(u + 1, v) = a\, a(u, v + 1) = a 2 , a(u — 1, v) = ay, a(u, v — 1) = a^, 
a(u + 1, v + 1) = ai2 and a(u — 1, v + 1) = a.j 2 , with a similar notation for the parameters f3, 7, S, A and f2. 



Lemma 13 We can write 



<?l 2 (w+ |, v+ ±) = {P-l) qi (u+h, v) + (Q-l)q 2 (u,v< 1 



q\{u + — q2(u, v+ |) + q\(u — |, v) — ^(u, v — |) = Aqi(u + + Bq 2 (u, v +\) + {A + B + C)£(u,v) 
q\(u+\,v)+q2{u,v+\)-qi(u-\,v)-q2{u,v-\) = 2fL(u,v)£(u,v), 

where 

Pa flo = 5 2 Q 2 

Qa fl Q = Pifli 

Aa = 2/3 A 2 

Ba = -2<5 A - 2 

(A + B + C)\{u,v) = (5 -/3o)0 . 



Proof. To calculate P, observe that qi%(u + i, v + i) = q\{u + \,v + 1) — qi(u + ^,v) and then multiply by q 2 (u, v + i). 
We obtain 

Pa Slo = S 2 fl 2 - 

The calculations for Q are similar. The third and fourth equations can be written as 

2(qi(u+ - q 2 (u,v - |)) = + + Bq 2 (u, v + \) + (A + B + C + 2fi)£(it, u) 

2( 9l (u - i, u) - g 2 (u, u + i)) = A^O + i, w) + Bq 2 {u 1 v + ^) + (A + B + C- 2Q)£(u, v). 

Multiplying the second equation by (92 (u, w + |), £,(u, v)) we obtain 

2/3 Aq 1 = AaoXo 

Thus proving the third equation of the lemma. The fourth equation is proved similarly. Finally, the fifth equation is obtained 
by multiplying by v{u + \, v + i). ■ 

We now re-write lemma[l3]in a more usual way: 

Theorem 14 Gauss equations can be written in the form 

-2 



qu{u,v) = — qi{u + ±,v) H q 2 {u, v + ?) + /3qS2 A £{u,V) 

ao a 

1 \ @°^o ~ a o , .1 s , a -<5oA 2 , n . ; ft ,-i t/ v 
q 22 (u,v) = qi(u + j,v) H g 2 (u,w + 5) + c»oiioA ((it.-f) 



ao a 

qi(u+±,v) + — 

a "o a S2 



<7i2(u+ 2,w+ i) = qi{u+ 1 ,v) + — - q 2 {u,v + 1 ). 



4.2.2 Discrete Gauss equations II 

We begin this subsection by generalizing the dual discrete Lelieuvre's equations of |2 1. 
Theorem 15 We have that 



Aq 1 v(u + i, v + |) - X v{u - |, u + 5) = — 92 (u, w + 5) x £(u, v) 

\ 2 v(u + \,v-\- i) — A^z^W — §, V + |) = —q 2 (u,V + |) x £(u,v + 1) 

Ag" f(u + |,w + 5) — A ^(u + 3,1; — 5) = 91 (u + I , v) X £(«, u) 

Aif(u + |,t> + |) - A^ x ^(u + \,v - 5) = <?i(«+ 5)U) X + l,t>). 

Proof. Observe first that Aq v(u + 3, v + 3) — Ao^(it — 3,1) + 3) is orthogonal to (72(1*, w + 4) and £(u, t>). So 

Aq~ u(u + 3, v + |) - A ^(u — 3,1; + 5) = mq 2 (u 7 v + |) x u). 

Multiplying by gi(u + 1 7 "t 1 ) we obtain m = — 1. ■ 

We define the weighted derivatives of the affine normal by the following formulas: 



D,Z{u+l,v) = \i 1 Z(u + l,v)-\ Z(u,v) 
D+£(u,v + ±) = \ 2 ^{u,v + l)-\oH(u,v) 
D2^(u,v + i) = A^ 1 C(«,« + l)-A f(u,») 

Observe that D^^u + h,v) and D^^u, v + h) are orthogonal to u(u + h,v + h). Similarly, D^^(u + \,v) is 
orthogonal to v(u + \ , v — |) and D 2 ~^(u, u + |) is orthogonal to v{u — \,v + |). The coefficients of the expansion of 
these derivatives in the corresponding faces are given by next lemma. 



Lemma 16 

Df«. + 1..) - f a; £ „ + — - VK^» - *> ) a( . + 1, „, + ^fi 2 ,„, , + 1) 

2 _ \-2 



A — A 

D^(u+|,«) = £ gi(^+^) + ° n 1 |) 
A 2 - A -2 

C+£(u, v +±) = 2 " gi(u+|,«) + -F g2(«,«+s) 

where and F are parameters whose formulas will be given below. 
Proof. Writing 

£>2~£(u, v + \) = aqi(u + \,v) + bq 2 (u,v + \) 
and making cross product with q 2 (u, v + |), we obtain 

A 2 , — A 2 = aaof^o- 

The same argument can be used to calculate the coefficient of qi(u — \,v) in the fourth equation and the coefficients of 
q 2 (u, v + |) and q 2 (u, v — |) in the first and second equation, respectively. 

Also, we can calculate the coefficient b of q\ (u + |, v) in the first formula from E. In fact, 

. >2F i (Af-A 2 )(a A 2 ~/3o) 
o = \E H p— j . 

The coefficient of q 2 (u,v + i) in the fourth formula can be calculated from F in a similar way. ■ 

The calculations to obtain E and F are very laborious, and we postpone them to the appendix of this section. They are 
obtained by comparing q\i 2 (u, v + |) with qi 2 i(u, v + \) expanded in basis q\{u+ |, v), q 2 (u, v + v). 

E _ 5 2 ^2-aa^a | "2% - £oty) | 2 ^o ~ ^> ~ a o^o | ~ 7i ~ ft^ 2 

a ^o/?i^i 1 <5 ^o7i^i ao^o^o ' 7i/?i^i 



^ _ a T % - /3q^q ^ ^ 2 /3i^i - /3qS1q | 2A 1 - op - /3 Aq 2 ^ 2A 2 - <*> 2 - 72 A| 
/3 ^o72^2 2 ao^o<52^2 aoA)^o 72^2^2 

Another important formula that we obtain in this expansion is 



a ft + 712^12 =/3ifti + £2^2- (16) 
This formula can be seen as a first compatibility equation, or first discrete Gauss-Codazzi equation. 

4.2.3 Mean curvature 

We would like to define the affine mean curvature as the trace of the shape operator, as in the smooth case. At the center of a 
face, it is not clear which basis we should take. Our choice is to calculate the derivatives of the affine normal in the diagonal 
basis. 

We denote the diagonal vectors at a face by 

d\{u+\,v+\) = q(u + l,v + l) — q(u,v) 



d 2 (u + \,V + |) = q(u,v + 1) - q(u + l,v). 



2 ' 1 11 

2' W + ~2> 

and define the derivatives of £ in the diagonal directions by 

D d ^(u+\,v+\) = X 2 ^(u,v + 1)- X^(u + l,v) 
D d £(u+\,v+\) = A;- 2 1 £(u + l,v + l)-A^ 1 f(u,«). 



Theorem 17 Let 

Ht(u+\,v + \) = A-H*{u + \ 1 v + \)-2\^ 2 2 -2A 2 
H* 2 {u+\,v + \) = A-H*(u + \,v + \)-2\\-2\ 2 2 . 

Then 

H*{u+\,v+±)v(u+\,v + \) = ±,t>+ §) X £> d2 £(u+ §,v + ±) 

Hl{u+\,v+\)u{u+\,v+\) = -d 2 {u+\,v + \)xD dl (,(u+\,v+\). 

Proof. For the first equation observe that 

\i 1 v(u+%,v+±)-\ 1 v(u+±,v+±) = -q 2 (u+l,v+±)x£(u + l,v) 
A^ 1 ^(u + \,v - 5) - \\v{u + \,v + 5) = -qi(u+ \,v) x + l,v) 
\ 2 v{u — \,v + \) — \ 2 v(u + \,v + \) = q 2 (u,v + 5) x £(u,v + 1) 
A 2 " 1 ^(?i + |,v + |) - A 2 z/(u + \,v + |) = + 1) x £(u,t> + 1). 

So 

§,v + 5) + v(u+ \,v- \) - 2\\v{u+ |) = -Ai(g 2 (w+ 5) + 5,u)) x M) 

^(u - i) + |) - 2A^(m+ + i) = A 2 (g 2 (u,v + |) \,v + \)) x £(it,v + 1), 

thus proving the first equation. The proof of the second equation is similar. 

Corollary 18 The trace of the shape operator is given by 



g(u+|i , + r ) = ^+l^+l)+4-A^-A^-Af-A| 



We cfl/Z f/zw number the affine mean curvature. 



4.2.4 Compatibility equations 

We shall obtain compatibility equations by comparing the expansions of the weighted of £ in basis {qi, q 2 } and {di,d 2 }. 
Remember that H* is the coefficient of in the expansion of D di £, in basis {d\,d 2 }. On the other hand 

D dl £,{u+\,v+\) = aqi{u+\,v) + bq 2 {u + l,v+\) 
Dd 2 £,{u+ \,v + \) = cqi{u+\,v) + dq 2 (u,v + \), 



where 



A i Ao "| 1 o x "i — h 



, A- 2p , (Af 2 -A r 2 )(^- Ql A 2 ) \ qqOq/ ^-V 

„ _ A - V 2 /\ 2j7 , (A 2 -A - 2 )KA 2 -/3q)^ 



X 2 \- 2 
d = F - 1 _ 

Now, expanding q\ and g 2 in basis {d\,d 2 } we obtain 

i?r("+i«+5) = a n a + j 12 n 12 b (17) 

# 2 *( u + i,w + i) = f} x n lC -5 2 n 2 d. (18) 

It is worthwhile to observe that, in case of affine spheres, a = 1,6= 1, c = 1, d = —1 and the second and third compatibility 
equations reduce to a fl + 712^12 = H* = H* and fi\VL\ + S 2 fl 2 = H 2 = H*, respectively . 



Theorem 19 Given functions ft, X, a and (3 satisfying the compatibility equations ( 1 1 6b . Ml\ and ( 1 1 8b . there exists a discrete 
conjugate net q satisfying Gauss equations. Moreover, two discrete conjugate nets with the same SI, A, a and (3 are affine 
equivalent. 



Proof. We begin by choosing a point q(0, 0) and three co-normals u(h, |), v(—\, h) and — ~) satisfying (|9j. These 
four vectors are determined up to an affine transformation of R 3 . Then define v{—\, —\) by < fl3T ). It is clear that equations 
( fTOb , ( fTTT > and dT2b hold at (u, v) = (0, 0). Also, we can define q(u, v) at the four vertices connected to (0, 0) and calculate 

£(o,o). 

Then one can extend the definition of q to the vertices connected to (1, 0), (0, 1), (—1, 0) and (0, —1) by the formulas 
of subsection[T3] With these extensions, we can calculate f (1, 0), £(0, 1 ), 0) and £(0, -1). It is clear that £>i£(±, 0), 

D 2^(0, 5), Di£(— |, 0) and -02^(0, —5) satisfy equations of subsection l4.2.2l The coherence of these extensions is assured 
by the first compatibility equation. 

Then one can extend the definition of q to the vertices connected to (1, 1),(— 1, 1),(1, —1) and (—1, —1). The coherence 
of these extensions comes from the second and third compatibility equations. Following in this way, one can construct all 
the discrete conjugate net. ■ 

Appendix of section 4: Proof of formulas ( TBI . (IT3b and dT6b 

We shall compare qn 2 (u, v + |) with q 12 i (u, v + |) expanded in basis q\{u + |, v), q2{u, v + 5), u). 
We have 



qi2(u+ 2 ,v + 2) = o i?i(m+2^) + o 92(u,w+2) 

gu(u-|,i; + i) = fn ' 1 1 g 2 (u^ + ^) 



and 



Writing 



we conclude that 



/ 1 \ PoA t 1 \ a Q — 5 X 1 \ 

- 2,w) = — qi(u + ± u) H — g 2 (u,w + 5) - (/3 ^oA 

qi2i(u,v+i) = E 1 q 1 (u+ \. / v) + E 2 q 2 (u 1 v + \) + E 3 £{u,v) 



E 



5 2 tt 2 - (6j 2 n j2 - a-%)A _ i 



h = — FT + ft~n 2 flo ("o-<5oA J 

E 3 = (s T2 n- 2 - a T n-)X^ 



From 



/ 1 *i \ Oi 2 X 2 —(3 2 / ,1 1 i\ , ^2 - "2A 2 , u n . t , .,, 

gu(u,u + lj = gi(tt+ o,u + l)H j Q2{U, v + 2 ) + 7 2 i.l 2 X 2 £{u, v + 1) 

o 2 2 



qn{u,v) = — qi(u + o,u) H y g 2 (u, w + + Po"oA £{u,v) 



and 



X 2 £{u,v + l) = X 1 Z(u,v) + F 1 q 1 {u + ±,v) + F 2 q 2 (u,v + ±) 

6 2 fl 2 . 1 /3iQi - a ^o 

— — gi(u+ + p- 

a "o ao"o 



, , 1 "2"2 / , 1 n, Pl"l - "0"0 / . In 

+ 3 ,« + 1) = r. + 2'' U J ~l J - pi 92(w,V+2) 



we conclude that 



a il 

P 2 (ggA| -/3 2 )(/3i»i -aoHo) asAf o~qAq 2 , „ , 

^ = J J 1" 72"2-T2 + 2 



£ 3 = (72^2 - /?o^o)A 1 
From the equality of E 1 we obtain 



0^2 - (ot2%2 - a T n T )A 2 _ (a 2 Xl - /3 2 )« 2 + A>^oA 2 



Using now that 



72^2-Fi 



Fiao^o — A?, — A 2 , 



we conclude that (TTol l holds. 

From the equality of i? 3 we obtain 

and we again conclude ( fTSI l. 

From the equality of E 2 we obtain 



°T2%2 _ ajfl- = 72^2 - A)^0 



2 1 a n (ao-o A ) 



■ 72^2^2 + 2 



ao^o Po^o aoPo^o 
= (QgAj — /3 2 )(/3i^i -«o»o) _ Q 2 A| _ (5 Aq 2 
<5 2 ao^o ^2 
By using ( fToT l and 0:2 A 2 . — p2 = 02 — 72 A 2 we obtain 

PiMi . "i% 1 72^2 , , ,_2n, (82 - 72A|)(/3i^i - ao^o) aaA| n 

— FT + 1TFT ~ 1 ;7TT ( a ° ~ ° oA o ) = r o 5 h 72"2^2 + 2 

So 

a T £l T - /3q^q ^ ffifli - a »Q _ Qp - opA^ 2 _ /^2 a2 _ ^\ A^i__^cA) + 02 - Q2A 2 + ^ 
/3 O 72^2 a rio72^2 a f3 Q, 2 72^200^0^2 $272^2 

We conclude that 

p _ a T n T - /3q»q | a2 ^iOi - P n | 2A' 1 - a - /3qAq 2 | 2A 2 - S 2 - ~j 2 \\ 
^0^072^2 2 ao^o^2^2 aoPo^o 72^2^2 

thus proving (fT3T l. The proof of (TT~4-b is similar. 
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